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UNIQUENESS OF SEGAL QUANTIZATION FOR OSCILLATING SYSTEMS
M. BERTINI1, S.L. CACCIATORI2,3 AND M. FALCHI PERNA2
Abstract. We show that the Segal quantization of an arbitrary system of decoupled harmonic oscillators is
unique in the sense that the one particle Hilbert space is completely determined by the requests of being a
naturally complex symplectic space carrying a unitary realization of the dynamical evolution of the considered
system.
1. Introduction
The Segal quantization of an Hamiltonian system consists essentially in associating to the phase space a one
particle states real Hilbert space (F , ( , )) bringing a symplectic structure ω2 and a complex structure J such
that the complexification H of F under J has a complex scalar product
( , )C = ( , ) + iω
2 (1.1)
and the Hamiltonian evolution of the system is expressed by a unitary flow. Se for example [A, BSZ, DG,
F, Se67, DS, C53]. The problem of the existence and uniqueness of the quantization for linear bosonic and
fermionic fields has already been addressed in [Se63,Se59,Se61,Se62,MW] and [K]. Applications can be found
in [D,Se67,DS,BW,C61].
The aim of the present paper is to provide a simple and direct proof of the existence and uniqueness of the
Segal quantization for an arbitrary system, finite or infinite, of free harmonic oscillators, passing through a very
explicit construction of the naturally complex symplectic space of one particle states, and the corresponding
Hamiltonian operator realizing the unitary flux associated to the dynamical evolution.
2. Naturally complex symplectic spaces
For us, a symplectic space will be a triple (F , ω2, ( , )), with F a real Hilbert space endowed with a scalar
product ( , ), and ω2 an antisymmetric non degenerate continuous bilinear form. We will simply say that F is
a symplectic space.
Let I be the natural isomorphism between F and its dual F∗ induced by ω2 along the definition
ω2(x, Iy∗) =< y∗, x > ∀x ∈ F , ∀y∗ ∈ F∗. (2.1)
In the finite dimensional case such isomorphism does not depend at all from the choice of a scalar product since
all linear functionals over F are always continuous.
A vector field V : D(V ) ⊂ F → F is called hamiltonian if there exists a function H : F → R differentiable
in D(V ), called hamiltonian, such that
V (x) = IdH(x) ∀x ∈ D(V ). (2.2)
One defines the Poisson brackets between two differentiable functions K and H as the derivative of K along
the direction of the hamiltonian field generated by H:
{K,H} = dK(IdH). (2.3)
If D(dK) ⊂ F and D(dH) ⊂ F are the domains of dK and dH respectively, the Poisson brackets {K,H} is
defined in D({K,H}) = D(dK)⋂D(dH). According to the definition of the isomorphism I, we have obviously
{K,H} = ω2(IdH, IdK). (2.4)
If F has finite dimensions, also the definition of Poisson brackets is independent from the choice of a scalar
product.
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Let now T be the natural isomorphism between F and its dual F∗ defined by the relation
< x∗, y >= (Tx∗, y) ∀x∗ ∈ F∗, y ∈ F . (2.5)
Through T and I let us construct the natural automorphism J over F so defined:
J = TI−1. (2.6)
One easily verifies that
ω2(x, y) = (x, Jy). (2.7)
The operator J is antiselfadjoint, t.i. J† = −J . It depends not only on the symplectic form but also from the
scalar product. Finally, said ∇H := TdH the gradient of H, we have
IdH = J−1∇H. (2.8)
We will say that the symplectic space (F , ω2, ( , )) is naturally complex if J2 = −1, and when this is the case
we will call J the complex unity of the space F . Indeed, in this case F can be complexified in a natural way by
defining the multiplication of its elements by complex numbers according to the definition:
(α+ iβ)x := αx+ βJx, α, β ∈ R. (2.9)
Such complexification is dictated by the natural structure of F .
In the finite dimensional case we call n−dimensional standard symplectic space the triple (FnS , ω2S , ( , )S)
with FnS = Rnp × Rnq , ω2S = dp ∧ dq and ( , )S the euclidean scalar product of R2n. This symplectic space is
naturally complex, in this case being the imaginary unit JS represented by the matrix
JS =
(
0 1
−1 0
)
. (2.10)
We will call JS the standard imaginary unit.
Two naturally complex symplectic spaces (F1, ω21 , ( , )1) and (F2, ω22 , ( , )2) will be said isomorphic if there
exists a bijection U between F1 and F2 that is simultaneously symplectic and isometric. Let us give an example
of a pair of isomorphic naturally complex symplectic spaces, which will be useful later on. Set (F , ω2, ( , ))
where F = F1S, ω2(X,Y ) = ω2S(X,Y ), (X,Y ) = (X,GY )S with
G =
(
Ω−1 0
0 Ω
)
(2.11)
and Ω > 0. It is easy to show that this space is symplectic and naturally complex and the complex unity is
J =
(
0 −Ω
Ω−1 0
)
. (2.12)
Such space is isomorphic to the standard symplectic space. Indeed, let U(α) be the one parameter group of
biunivocal transformations between FS and F
U(α) : FS → F (2.13)
defined by
U(α) =
(
Ω1/2 cosα −Ω1/2 sinα
Ω−1/2 sinα Ω−1/2 cosα
)
. (2.14)
It is clear that for each α it holds
(X,Y ) = (U(α)x, U(α)y) = (x, y)S
ω2(X,Y ) = ω2(U(α)x, U(α)y) = ω2S(x, y),
(2.15)
so the two spaces are isomorphic.
We will now apply this formalism to the quantization of an arbitrary configuration of free harmonic oscillators,
starting from the simplest case of a one dimensional harmonic oscillator.
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3. The one-dimensional harmonic oscillator
On the standard naturally complex symplectic space (F1S , ω2S , ( , )S) let us consider the hamiltonian
K(X) =
1
2
‖
√
KX‖2S =
1
2
(P 2 +Ω2Q2)
where
K =
(
1 0
0 Ω2
)
, (3.1)
and Ω > 0. The corresponding hamiltonian system is given by the equations
X˙ = ISdK(X) = −JS∇K(X) = AX
with A : FS → FS ,
A
(
P
Q
)
=
(
0 −Ω2
1 0
)(
P
Q
)
. (3.2)
It is easy to see that if Ω 6= 1 the hamiltonian flux φt = eAt generated by the previous equations is not unitary.
We want to define a new naturally complex symplectic space (F , ω2, ( , )) with respect to which
a) the flow φt = e
At should be hamiltonian and unitary;
b) the variables P and Q should satisfy the canonical commutation relations.
Remark 1. From now on we will say that a naturally complex symplectic space satisfying such conditions
constitutes a unitary realization of the dynamics.
Let us prove that in this case a unitary realization of the dynamics exists and is essentially unique.
Set F = FS and like before let ( , )S be the euclidean scalar product on R2. Then, ( , ), when it exists, can
be written in the form (X,Y ) = (X,GY )S with G a symmetric matrix:
G =
(
a b
b c
)
. (3.3)
For φt to be a group of unitary matrices with t real, A must be antisymmetric:
(X,AY ) = −(AX, Y ), ∀X,Y ∈ F .
Thus, G must have the form
G =
(
α 0
0 Ω2α
)
(3.4)
with α > 0.
Now, let ω2 be a symplectic form over F . It can always be written in the form
ω2(X,Y ) = (X, JY )
with J antisymmetric. Set
J =
(
a b
c d
)
, (3.5)
the condition
(X, JY ) = −(JX, Y ) ∀X,Y ∈ F
implies
J =
(
0 Ω2β
−β 0
)
, (3.6)
with β 6= 0. Since we must have J2 = −1, we get
J = J± = ±
(
0 Ω
−Ω−1 0
)
(3.7)
Now, let us impose the canonical commutation relations to be satisfied. It is known that
{Q,P} = 1, {P, P} = {Q,Q} = 0, (3.8)
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corresponds to
ω2 = dP ∧ dQ.
After imposing
dP ∧ dQ(X,Y ) = ω2(X,Y ) = (X, JY ) ∀X,Y ∈ F ,
we get J = J− and α = Ω
−1. This way, also the scalar product is completely fixed:
((P,Q), (P ′, Q′)) = Ω−1PP ′ +ΩQQ′.
Let us verify that the field V (X) = AX is hamiltonian. Since the field AX is linear in x, if there exists an
hamiltonian H : F → R such that AX = IdH(X), then it must hold true
AX = −J∇H(X) = −JHX, (3.9)
which gives
H = JA =
(
Ω 0
0 Ω
)
. (3.10)
Obviously H = H†, [H, J ] = 0. Thus, we can choose the hamiltonian
H(X) =
1
2
‖
√
HX‖2 = 1
2
(P 2 +Ω2Q2). (3.11)
Notice that it coincides with the K(X) we used to define the hamiltonian field AX in the standard symplectic
space.
Let us apply the canonical and symplectic transformation
U(α) : (FS , ω2S, ( , )S)→ (F , ω2, ( , )) (3.12)
defined above, with α = 0:
p = Ω−1/2P,
q = Ω1/2Q.
(3.13)
The hamiltonian H(x) in the new variables is thus
H(x) =
1
2
Ω(p2 + q2), (3.14)
and the equations of motion are
x˙ = −JS∇H(x) = −JSΩx. (3.15)
Thinking to (FS , ω2S , ( , )S) as a naturally complex space, the considered equations of motion become
x˙ = −iΩx, (3.16)
and the corresponding evolution group is
φ(t) = e−iΩt. (3.17)
4. System of a finite number of decoupled harmonic oscillators with different frequencies
In order to understand how Segal quantization works in general, the next step is to consider the case of a finite
number of non interacting oscillators, avoiding degeneracies. On the standard naturally complex symplectic
space (FnS , ω2S , ( , )S) let us consider the hamiltonian system having hamiltonian
K(x) =
1
2
‖
√
K‖2S =
1
2
n∑
i=1
(P 2i +Ω
2
iQ
2
i )
where
K =
(
1 0
0 Ω2
)
, (4.1)
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being Ω defined by its action on the standard basis {ei}i=1,...,n of Rn as Ωei = Ωiei, Ωi > 0, Ωi 6= Ωj per i 6= j.
The corresponding hamiltonian equations are
X˙ = ISdK(X) = −JS∇K(X) = AX
with A : FnS → FnS ,
A
(
P
Q
)
=
(
0 −Ω2
1 0
)(
P
Q
)
. (4.2)
Like for the one dimensional case, if Ω 6= 1 then the hamiltonian flux φt = eAt generated by the previous
equations is not unitary. Again, we will show that this dynamical system admits a unique unitary realization
(see remark 1).
Set F = FS . After defining the scalar product over F by (X,Y ) = (X,GY )S with GT = G let us impose for
the operator A to be antisymmetric:
(X,AY ) = −(AX, Y ).
Writing G as
G =
(
L M
MT N
)
(4.3)
with L = LT , N = NT , the antisymmetry of A imposes
M = −MT , Ω2M = MΩ2, N = Ω2L. (4.4)
Since M is antisymmetric, then iM is selfadjoint in Cn with the standard scalar product. Since iM commutes
with Ω2 they must have common eigenvectors. Since the eigenvectors of Ω2 are simple, then iM is a real
function of Ω, iM = f(Ω). Hence, M = −i(iM) = if(Ω) is a matrix having only imaginary components and
thus it cannot be a linear operator on Rn unless f = 0. Thus we get M = 0. The fact that N = Ω2L with
NT = N implies that L commutes with Ω2 and for the same reasons as before we deduce that L = f(Ω) with
f a real and positive function (since the scalar product ( , ) must be positive). In conclusion, the most general
scalar product over F with respect to which A is antisymmetric is:
((P,Q), (P ′, Q′)) = (P, f(Ω)P ′)S + (Q,Ω
2f(Ω)Q′)S
with f a positive real function.
A symplectic form ω2 over F can always be written in the form
ω2(X,Y ) = (X, JY ) (4.5)
with J antisymmetric. Writing J as
J =
(
O T
S R
)
, (4.6)
the condition
(X, JY ) = −(JX, Y ) ∀X,Y ∈ F
implies
f(Ω)O = −OT f(Ω)
Ω2f(Ω)R = −RTΩ2f(Ω)
f(Ω)T = −STΩ2f(Ω).
(4.7)
If we interpret the operator O as an operator over the vector space RnP , (·, f(Ω)·), the operator R as an operator
over the vector space RnQ, (·,Ω2f(Ω)·), the operator S as an operator from RnP , (·, f(Ω)·) to RnQ, (·,Ω2f(Ω)·)
and the operator T as an operator from RnQ, (·,Ω2f(Ω)·) to RnP , (·, f(Ω)·), then the three conditions above can
be rewritten as
O† = −O
R† = −R
T † = −S.
(4.8)
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Let us now impose the conditions {Qi, Qj} = {Pi, Pj} = 0. Said e1, . . . , en the standard basis of Rn, such
conditions are equivalent to
ω2((ei, 0), (ej, 0)) = 0 ∀i, j,
ω2((0, ei), (0, ej)) = 0 ∀i, j, (4.9)
which are satisfied if and only if O = 0 e R = 0. Therefore, the operator J has the form
J =
(
0 T
−T † 0
)
. (4.10)
Now, let us impose the condition {Qi, Pj} = δi,j , which are equivalent to
ω2((ei, 0), (0, ej)) = δi,j ∀i, j. (4.11)
By employing the properties of J we then get
f(Ω)T = 1 (4.12)
hence
T = f(Ω)−1. (4.13)
After imposing the natural complexity condition J2 = −1, we get TT † = T †T = −1, which leads to
f(Ω) = Ω−1. (4.14)
Thus, the symplectic form ω2 and the scalar product ( , ) have been completely fixed. In particular,
J =
(
0 Ω
−Ω−1 0
)
. (4.15)
In the same way as for the single one dimensional harmonic oscillator, we can easily show that the field AX is
hamiltonian, with
H(X) =
1
2
‖
√
HX‖2 = 1
2
(P 2 +Ω2Q2).
Such hamiltonian coincides with the K(X) classically chosen in order to define the equations of motion of a
system of oscillators on the standard naturally complex symplectic space.
Notice that the operator J commutes with H .
Thus, we have proved that there exists one and only one naturally complex symplectic space with respect
to which the evolution φt of a chain of decoupled harmonic oscillators with frequencies pair to pair distinct is
unitary and hamiltonian. In this space the scalar product is given by
((P, P ′), (Q,Q′)) = (P,Ω−1P ′)S + (Q,ΩQ
′)S ,
the symplectic form is the standard one
ω2 = dP ∧ dQ
while the complex unit J is given by
J(P,Q) = (ΩQ,−Ω−1P ),
and the hamiltonian of the system is
K(P,Q) =
1
2
n∑
1=1
(P 2i +Ω
2
iQ
2
i ).
We can finally consider the canonical and unitary transformation between the naturally complex spaces
F , ω2, ( , ) and FS , ω2S , ( , )S :
p = Ω−1/2P
q = Ω1/2Q,
(4.16)
So that the hamiltonian in the new variable is
H(x) =
1
2
(Ωp, p)S + (Ωq, q)S). (4.17)
UNIQUENESS OF SEGAL QUANTIZATION FOR OSCILLATING SYSTEMS 7
and the equations of motion are
x˙ = −JS
(
Ω 0
0 Ω
)
x = −JSΩx (4.18)
Looking at the space (FS , ω2S, ( , )S) as a complex space, the last equations are equivalent to
x˙ = −iΩx, (4.19)
and the flow they generate is
φ(t) = e−iΩt. (4.20)
5. System of an infinite number of decoupled harmonic oscillators with different
frequencies
We can further improve our construction by passing to the case of infinite harmonic oscillators, yet avoiding
degeneracies. Let us consider the measurable space (X,µ), X ⊂ [0,+∞), µ = µac + µd, µac absolutely continu-
ous, µd discrete. Let M be the space of all real functions over X , f = f(k), that are measurable with respect
to µ. In particular, let us denote with s the function s(k) = 1 ∀k ∈ X .
We denote withMs the standard Hilbert space L2(X, dµ) and with ( , )s its standard scalar product. Given
a function θ ∈M, θ > 0 q.o. we call Mθ the Hilbert space
Mθ = {∀f ∈ M : θf ∈ Ms},
with scalar product ( , )θ
(f, g)θ = (θf, θg)s.
Given two functions ρ, σ ∈M positive a.e., let Fρ,σ =Mρ×Mσ be the Hilbert space of pairs (p, q), p ∈Mρ,
q ∈Mσ with scalar product (x, y)ρ,σ = (p, p)ρ + (q, q)σ. Given over Fρ,σ a symplectic form ω2, we will look at
Fρ,σ as a symplectic space.
Over the space F =M×M let us consider the system of differential equations
x˙ = Ax, (5.1)
with A : F → F ,
A
(
p
q
)
=
(
0 −Ω2
1 0
)(
p
q
)
(5.2)
where Ω :M→M is the multiplication operator (Ωf)(k) = kf(k). We will show that this dynamical system
admits a unique unitary realization (F , ω2, ( , )), which is topologically equivalent to some Fρ,σ.
First, notice that φt : F → F is given by
φt
(
p
q
)
=
(
cos kt −k sinkt
sin kt
kt
cos kt
)(
p
q
)
. (5.3)
Let us look for which ρ and σ we have
φt : Fρ,σ → Fρ,σ. (5.4)
Clearly φt(p0, q0) ∈ Fρ,σ for all (p0, q0) ∈ Fρ,σ and for all t ∈ R if and only if
k sin(kt) q0 ∈ Mρ ∀q0 ∈Mσ
sin kt
k
p0 ∈Mσ ∀p0 ∈ Mρ (5.5)
that is
k sin(kt) ρσ−1 ∈ L∞(X, dµ),
sin kt
k
σρ−1 ∈ L∞(X, dµ). (5.6)
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Let us introduce over Fρ,σ a scalar product ( , ) equivalent to ( , )ρ,σ. Then, there must exist four continuous
linear operators
M :Mρ →Mρ
N :Mσ →Mσ
O :Mσ →Mρ
P :Mρ →Mσ
(5.7)
satisfying the conditions
M † = M M > 0
N † = N N > 0
O† = P
P † = O,
(5.8)
and such that
(x, y) = (x,Gy)ρ,σ ∀x, y ∈ Fρ,σ (5.9)
with
G
(
p
q
)
=
(
M O
P N
)(
p
q
)
. (5.10)
We impose for φt to be unitary with respect to the scalar product( , ). Therefore, the operator A must be
at least antisymmetric. Making explicit the condition
(x,Ax′) = −(Ax, x′)
where x = (p, q), x′ = (p′, q′), we get
(p,Op′)ρ = −(p, Pp′)σ
(q, PΩ2q′)σ = (Ω
2q, Oq′)ρ
(p,MΩ2q′)ρ = (p,Nq
′)σ
(q,Np′)σ = (Ω
2q,Mp′)ρ.
(5.11)
Looking at O as an operator defined on D(O) =Mσ ∩Mρ ⊂Mρ with values inMρ and denoting with OT its
adjoint, the first of conditions (5.11) becomes
OT = −O. (5.12)
Keeping into account the symmetry of the operator Ω independently from the spaceMρ orMσ, on which it is
defined by the chain of identities
(q, PΩ2q′)σ = (Ω
2Oq, q′)ρ = (q, O
TΩ2q′)ρ = −(q, OΩ2q′)ρ, (5.13)
the second of (5.11) becomes
[O,Ω2] = 0. (5.14)
Therefore, O is selfadjoint and it commutes with Ω2. If we look at O as an operator over the space MCρ of
functions defined in X with values in C with scalar product (f, g)Cρ = (f
∗, g)ρ, iO is selfadjoint and commute
with Ω2. Since the proper and improper eigenspaces of Ω are simple, this ensures that the operator iO is a real
function of Ω, that is iO = ξ(k) with ξ real. The operator O = −i(iO) = −iξ(k) is an operator defined on the
real spaceMρ if and only if ξ = 0. Therefore O = 0.
Let us now consider the last two conditions in (5.11). We have
(p,MΩ2q′)ρ = (p,Nq
′)σ = (Ω
2p,Mq′)ρ = (p,Ω
2Mq′)ρ,
from which
[M,Ω2] = 0.
Since M is selfadjoint and commutes with Ω2, for the same reasons as above we have that M is a (real) function
of Ω, M = η2(k), η > 0 q.o.. Exploiting the third condition∫
X
ρ(k)p(k)ρ(k)η(k)k2q′(k) =
∫
X
σ(k)p(k)σ(k)(Nq′)(k)
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we get that also N is a multiplication operator
(Nq)(k) = ρ2(k)σ−2(k)η2(k)k2.
Thus, we conclude that for the operator A to be antisymmetric the space F = Fρ,σ must be of the form Fξ,ξΩ.
Notice that on such spaces the conditions (5.6), necessary and sufficient for the flow φt to be defined on the
whole space, are automatically satisfied. Therefore, a necessary condition for the flow φt to be defined on the
whole space F = Fρ,σ and to be unitary is that σ = ρΩ.
Let now ω2 be a symplectic form over Fρ,ρΩ. It can always be written in the form
ω2(x, y) = (x, Jy)
with J antiselfadjoint. After writing J as
J =
(
O Q
P R
)
(5.15)
with
O :Mρ →Mρ
R :MρΩ →MρΩ
Q :MρΩ →Mρ
P :Mρ →MρΩ
(5.16)
continuous, the condition
(x, Jy) = −(Jx, y) ∀x, y ∈ F
implies
O† = −O
R† = −R
Q† = −P.
(5.17)
Let us impose for the Poisson brackets among the dynamical variables p and q to be canonical. This implies
that the symplectic form ω2 coincides with the standard one. In particular, it must hold
ω2((p, 0), (p′, 0)) = 0 ∀p, p′ ∈Mρ
ω2((0, q), (0, q′)) = 0 ∀q, q′ ∈MρΩ. (5.18)
Using the properties of J , we see that the previous equations are satisfied if and only if O = 0 e R = 0.
Therefore, the operator J has necessarily the form
J =
(
0 Q
−Q† 0
)
. (5.19)
Let us now impose the condition
ω2((p, 0), (0, q)) = (p, q)s. (5.20)
Using J we get
ρ2Q = 1 (5.21)
from which
Q = ρ−2. (5.22)
We now impose J2 = −1, so that the space Fρ,ρΩ is naturally complex. This implies QQ† = Q†Q = −1, which
leads to
ρ = Ω−1/2. (5.23)
Hence, the symplectic form ω2 and the scalar product ( , ) have been completely fixed.
Again, we get that the field Ax is hamiltonian, with
H(x) =
1
2
‖
√
Hx‖2, (5.24)
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where
H =
(
Ω 0
0 Ω
)
. (5.25)
This hamiltonian coincides with the K(x) classically chosen to define the equations of motion of a system
of oscillators on the standard naturally complex symplectic space. It is worth to notice that the operator J
commutes with H
[J,H ] = 0.
Thus, we have proved that there exists one and only one naturally complex symplectic space with respect
to which the evolution φt of a chain of decoupled harmonic oscillators with pair to pair different frequencies is
unitary and hamiltonian. In this space the scalar product is given by
((p, p′), (q, q′)) = (p,Ω−1p′)s + (q,Ωq
′)s,
the symplectic form is the standard one
ω2((p, q), (p′, q′)) = (p, q′)s − (q, p′)s
while the complex unity J is given by
J(p, q) = (Ωq,−Ω−1p).
The hamiltonian of the system is
H(p, q) =
1
2
(‖p‖2s + ‖Ωq‖2s).
6. System of decoupled harmonic oscillators with equal frequency
We can now introduce degeneracies. On the standard naturally complex symplectic space F1S let us consider
the hamiltonian
K(x) =
1
2
‖
√
Kx‖2S =
1
2
(p21 + p
2
2 +Ω
2q21 +Ω
2q22)
where
K =


1 0 0 0
0 1 0 0
0 0 Ω2 0
0 0 0 Ω2

 (6.1)
and Ω > 0. The corresponding hamiltonian system is given by the equations
x˙ = ISdK(x) = −JS∇K(x) = Ax
with A : F → F ,
A
(
p
q
)
=
(
0 −Ω2
1 0
)(
p
q
)
. (6.2)
If Ω 6= 1 the flow φAt generated by the previous equations is not unitary. Once again, we will show that this
system admits a unique unitary realization (F , ω2, ( , )).
As before, let ( , )S be the euclidean scalar product in L
2(X, dµ)×L2(X, dµ). Therefore, the scalar product
( , ), when it exists, can be written in the form (·, ·) = (·, G·), with
G =
(
a b
b c
)
, (6.3)
where a, b, c are positive defined symmetric operators. For φt to be a group of unitary transformations, A must
be antisymmetric:
(x,Ay) = −(Ax, y) ∀x, y ∈ F , (6.4)
so that G must have the form
G =
(
α 0
0 Ω2α
)
(6.5)
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with α a symmetric and positive definite operator.
Any symplectic form ω2 over F can be written in the form
ω2(x, y) = (x, Jy) (6.6)
with J antisymmetric. After setting
J =
(
a b
c d
)
, (6.7)
the condition
(x, Jy) = −(Jx, y) ∀x, y ∈ F
implies
αa = −(αa)T ,
αd = −(αd)T ,
Ω2αc = bTα
(6.8)
that is
αaα−1 = −aT ,
αdα−1 = −dT ,
Ω2αcα−1 = bT .
(6.9)
From the first two we deduce that a is similar to −aT and d is similar to −dT , which is possible if and only is
both a and d are vanishing matrices.1 Therefore,
J =
(
0 Ω2α−1
T
cTαT
c 0
)
. (6.10)
For J to be non degenerate it occurs for c to be invertible.
The condition J2 = −1, so that J is an imaginary unit, leads to bc = −1 that is cT bT = −1, or also
cTαcα−1 = −Ω−2 (6.11)
and finally
α−1
T
cTαT c = −Ω−2 (6.12)
from which the matrix J takes the form
J =
(
0 −c−1
c 0
)
. (6.13)
Let us impose the conditions
{pi, qj} = δi,j (6.14)
that is
ω2((ei, 0), (0, ej)) = δi,j
ω2((0, ei), (ej , 0)) = δi,j .
(6.15)
These imply α = c and α = ±Ω−1. The positivity of the scalar product imposes α = Ω−1. Hence, the scalar
product is finally
G =
(
Ω−1 0
0 Ω
)
, (6.16)
whereas the matrix J is given by
J =
(
0 Ω
−Ω−1 0
)
. (6.17)
It is worth noticing that the operator J commutes with H .
1The matrices a and −aT are similar, hence they have the same eigenvalues; on the other side also the matrices a and aT have
the same eigenvalues. Therefore, aT and −aT have the same eigenvalues, which is possible if and only if all eigenvalues vanish and
the whole matrix a vanishes.
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Thus, we have shown that there exists one and only one naturally complex symplectic space with respect to
which the evolution φt of a chain of decoupled harmonic oscillators with all identical frequencies is unitary and
hamiltonian. In this space the scalar product is given by
((p, q), (p′, q′)) = (p,Ω−1p′)S + (q,Ωq
′)S ,
the symplectic form is the standard one
ω2 = dp ∧ dq
whereas the complex unity J is given by
J(p, q) = (Ωq,−Ω−1p).
The hamiltonian of the system is
K(p, q) =
1
2
n∑
1=1
(p2i + ω
2
i q
2
i ).
With respect to this scalar product and symplectic form, the hamiltonian of the system is given by
H(p, q) =
1
2
(‖p‖2S + ‖Ωq‖2S).
The flow of such hamiltonian system is by construction symplectic and unitary.
7. The general case of a system of finite or infinite harmonic oscillators with arbitrary
frequencies
We can finally tackle the most general case. Let us consider the measurable space (X,µ), X ⊂ [0,∞) × R,
µ = µac + µd. Let M be the space of real functions of real variables f = fξ(k) that are measurable w.r.t. µ.
Over the space F =M×M let us consider the system of differential equations
x˙ = Ax (7.1)
with A : F → F ,
A
(
p
q
)
=
(
0 −Ω2
1 0
)(
p
q
)
, (7.2)
where Ω : M→M is the multiplication operator (Ωf)ξ(k) = kfξ(k). Using the previous results it is possible
to prove that there exists exactly one unitary realization of this dynamical system. Since it is a summary of
the results in the previous sections, we leave the proof of this statement to the interested reader. This is the
most general case for a positive adjoint operator in a Hilbert space, with arbitrary spectrum and arbitrary
degeneration.
8. Segal quantization
With all this at hand the Segal quantization of a system of harmonic oscillators is direct. Given the system of
harmonic oscillators we construct the (unique) correspondent naturally complex symplectic space F , endowed
with the scalar product
((p, q), (p′, q′)) = (p,Ω−1p′)S + (q,Ωq
′)S , (8.1)
the standard symplectic form
ω2((p, q), (p′, q′)) = (p, q′)S − (q, p′)S , (8.2)
and with the complex unit J
J(p, q) = (Ωq,−Ω−1p). (8.3)
The hamiltonian of the system is
H(p, q) =
1
2
(‖p‖2S + ‖Ωq‖2S), (8.4)
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and the dynamics is given by the unitary and symplectic one parameter group
Ut = e
−iHt, (8.5)
where H is the linear self adjoint operator H(p, q) = (Ωp,Ωq).
In order to quantize this system we consider on the symmetric Fock space
Γ(F) = C⊕F ⊕ (F ⊗s F)⊕ (F ⊗s F ⊗s F)⊕ . . . , (8.6)
the unitary group of evolution
Ut = Γ(Ut) (8.7)
generated by the hamiltonian
H = dΓ(H). (8.8)
The remaining construction is the standard one with the formalism of annihilation and creation operators.
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